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This note is to correct some errors in the proofs of error estimates in [1]. The origin of the errors is the following incorrect
inequality c2‖u‖2−1 ⩽ (A−1u, u). The correct inequality is: c2‖u‖2V ′ ⩽ (A−1u, u).1 A similar mistake was made by Jie Shen
in [2,3], and later he made a Corrigendum in [4]. In what follows, we use another method to avoid this inequality.
First, we establish a stronger result, which replaces Lemma 3.3 in [1]. Similar results were obtained by Jie Shen in [4]. We
omit the nonlinear term, since it does not affect the accuracy of errors.
Lemma 1. We assume that
 T
0 ‖uttt‖2−1dt ≤ M, then the following inequality holds:
‖en+1 − en‖ ≤ Ck2.
Proof. We present Eq. (3.6) in [1]:
1
k
(en+1 − en)− ν1en+ 12 +∇qn+ 12 = Rn.
Denote
εn = en − en−1, rn = qn − qn−1.
Taking the difference of two consecutive indices, we get
εn+1 − εn
k
− ν1εn+ 12 +∇rn+ 12 = Rn − Rn−1. (1)
Then we take the inner product of (1) with 2kεn+
1
2 , we find that:
1
k
(εn+1 − εn)− ν1εn+ 12 , 2kεn+ 12

= ‖εn+1‖2 − ‖εn‖2 + 2kν|εn+ 12 |21,
(∇rn+ 12 , 2ken+ 12 ) = 0.
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For the truncation error term, we have
(Rn − Rn−1, 2kεn+ 12 ) ≤ Ck‖Rn − Rn−1‖−1|εn+ 12 |1
≤ Ck‖Rn − Rn−1‖2−1 +
kν
2
|εn+ 12 |21.
For the first term, we expand the terms in Rn − Rn−1 at tn by the Taylor formula with the integral residue, we derive that
‖Rn − Rn−1‖2−1 = ‖
1
k
(u(tn+1)− 2u(tn)+ u(tn−1))− (ut(tn+1)− ut(tn))‖2−1,
≤ Ck3
∫ tn+1
tn−1
‖uttt‖2−1dt.
Thus
‖εn+1‖2 − ‖εn‖2 + kν|εn+ 12 |21 ≤ Ck4
∫ tn+1
tn−1
‖uttt‖2−1dt.
Adding up the above inequality for n = 0, 1, . . . ,N , we get
‖εN+1‖2 + kν
N−
n=0
|εn+ 12 |21 ≤ Ck4.
The proof is then complete. 
With the help of the following inequality ‖en+1 − en‖−1 ≤ C‖en+1 − en‖, Lemma 3.4 in [1] becomes:
Lemma 2.
M−1−
n=0
‖qn+ 12 ‖2 ⩽ Ck.
In the proof of Lemma 3.5 in [1], we have
‖eN+1‖2 + ‖e˜N+1‖2 + ‖eN+1 − e˜N+1‖2 + kν
N−
n=0
(|e˜n+ 12 |21 + |en+1 − e˜n+1|21)
⩽ Ck
N−
n=0
(‖en‖2 + ‖e˜n+1‖2 + ‖en+1 − e˜n+1‖2)+ Ck
N−
n=0
‖Rn‖2−1 + Ck2
∫ T
0
‖∇pt‖2ds+ 2‖e˜0‖2 + 2k‖q0‖2,
which indicates that |e˜n+ 12 |21 ⩽ C‖en+1 − e˜n+1‖2. When we deal with the term I2 for a second time in the proof of Lemma
3.5, we should also deal with the term I1, considering the above inequality and Lemma 2, then we get
I1 ⩽ k
1−β
2 ‖e˜n+1 − en+1‖2 + Ck3+ 1+β2 .
Thus we can get Lemma 3.5 in [1].
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